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ABSTRACT
The properties of large underdensities in the distribution of galaxies in the Universe,
known as cosmic voids, are potentially sensitive probes of fundamental physics. We use
data from the MultiDark suite of N -body simulations and multiple halo occupation
distribution mocks to study the relationship between galaxy voids, identified using a
watershed void-finding algorithm, and the gravitational potential Φ. We find that the
majority of galaxy voids correspond to local density minima in larger-scale overdensi-
ties, and thus lie in potential wells. However, a subset of voids can be identified that
closely trace maxima of the gravitational potential and thus stationary points of the
velocity field. We identify a new void observable, λv, which depends on a combination
of the void size and the average galaxy density contrast within the void, and show
that it provides a good proxy indicator of the potential at the void location. A simple
linear scaling of Φ as a function of λv is found to hold, independent of the redshift
and properties of the galaxies used as tracers of voids. We provide an accurate fitting
formula to describe the spherically averaged potential profile Φ(r) about void centre
locations. We discuss the importance of these results for the understanding of the evo-
lution history of voids, and for their use in precision measurements of the integrated
Sachs–Wolfe effect, gravitational lensing and peculiar velocity distortions in redshift
space.
Key words: cosmology: observations – large-scale structure of Universe – methods:
numerical – methods: data analysis
1 INTRODUCTION
Large underdensities in the matter distribution of the Uni-
verse, known as cosmic voids, are interesting objects that can
be used as probes of cosmology and fundamental physics.
This is because their properties are sensitive to both the
initial conditions of the density perturbations and to the
growth rate of structure.
Several catalogues of cosmic voids have been compiled
from galaxy redshift survey data (Pan et al. 2012; Sutter
et al. 2012b; Nadathur & Hotchkiss 2014; Nadathur 2016;
Mao et al. 2016), which can be used in observational tests.
The simplest of these tests concern the number of voids
and their size distributions, which may already provide con-
straints on the dark energy equation of state and modified
gravity scenarios (e.g. Li et al. 2012; Clampitt et al. 2013;
Cai et al. 2015; Pisani et al. 2015; Nadathur 2016).
Voids induce small secondary anisotropies in the cos-
mic microwave background (CMB) via the integrated Sachs-
Wolfe (ISW) effect. Numerous studies have attempted to
? seshadri.nadathur@port.ac.uk
measure this effect (e.g. Granett et al. 2008; Ilic´ et al. 2013;
Cai et al. 2014; Hotchkiss et al. 2015; Granett et al. 2015;
Nadathur & Crittenden 2016; Cai et al. 2016; Kova´cs et al.
2017), using different methods of varying statistical power,
and reaching widely varying conclusions. Voids also produce
measurable weak lensing signals (e.g. Krause et al. 2013).
Void lensing of background source galaxies has been studied
by Melchior et al. (2014); Clampitt & Jain (2015); Sa´nchez
et al. (2016), and recently (Cai et al. 2016) made a measure-
ment of CMB lensing by voids. The anisotropic distortion
of void shapes in redshift space (Ryden 1995) can be used
to test the expansion history of the Universe (e.g. Lavaux &
Wandelt 2012; Mao et al. 2016), via a form of the Alcock-
Paczynski (AP) test (Alcock & Paczynski 1979).
Both the lensing and ISW effects of voids are depen-
dent on the larger-scale density environment they are lo-
cated in, which is reflected in the gravitational potential Φ.
The AP distortion test is also indirectly sensitive to this
environment due to the complicating effects of peculiar ve-
locity flows around the void. Beyond its implications for the
use of voids as observational tools, the gravitational poten-
tial environment in which voids are located is of intrinsic
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interest due to its role in the formation and evolution of the
Cosmic Web.
A complication to understanding void environments is
the fact that in practice voids are observed simply as under-
dense regions in the distribution of bright galaxies, whereas
the properties of the environment depend on the distribu-
tion of dark matter. Unfortunately, existing analytic models
of void formation and growth (Sheth & van de Weygaert
2004) and their extension to galaxy voids (Furlanetto & Pi-
ran 2006) fail to correctly describe the properties of prac-
tically observable voids (for a discussion, see Nadathur &
Hotchkiss 2015a). An understanding of the relationship be-
tween voids and the potential Φ must therefore be built on
the results from N -body simulations populated with realis-
tic mock galaxies: insights from such studies may then be
used to develop new theoretical models of voids.
Our aim in this paper is to provide such a study. We aim
to answer the following questions. Can voids in the galaxy
distribution be used to trace features (in particular, points of
maxima) in the gravitational potential, Φ? Can the average
value of Φ at void locations, and its local variation around
these points, be predicted on the basis of easily observable
properties of galaxy voids? How does this relationship de-
pend on the properties (e.g., the luminosity) of the galaxy
population used to identify voids and the redshift of obser-
vation, and can any universal trends be identified? Can such
knowledge of the properties of Φ be used to improve the sen-
sitivity of methods to measure the ISW and lensing effects
of voids, and to understand the impact of peculiar velocity
flows on voids observed in redshift space?
To answer these questions we make use of different mock
galaxy populations at different redshifts within a large N -
body simulation in which the true dark matter density and
Φ are both known. We identify voids using the ZOBOV wa-
tershed algorithm (Neyrinck 2008), which can be robustly
adapted for use with observational data and has been used
in the construction of most of the existing void catalogues
discussed above. We show that while the majority of voids
identified using this algorithm are merely local density min-
ima in otherwise contracting regions, an identifiable subset
of voids does closely trace points of maxima of Φ. We iden-
tify a combination of void properties encapsulated in a new
void parameter λv, which is an excellent and universal in-
dicator of the value of Φ, and provide fitting formulae for
the mean spherically averaged profiles Φ(r) about void lo-
cations. We relate the gravitational potential environment
to void density profiles and the compensation of the mass
deficit within voids, and discuss their redshift evolution. Fi-
nally, we also discuss an extension of our results to the case
of ‘superclusters’: large-scale overdense structures analogous
to the void underdensities.
The layout of the paper is as follows. In Section 2 we
describe the properties of the simulation, construction of the
mock galaxy populations and the identification of voids. In
Section 3 we investigate the relationship between these voids
and the gravitational potential and lay out our results. In
Section 4 we discuss some applications of these results to
particular observational studies using voids. We conclude in
Section 5. Numerical details for the various fitting formulae
provided are summarised in the appendices, where we also
provide some additional comparisons of different methods of
locating voids.
2 NUMERICAL METHODS
2.1 Simulations
We made use of the Big MultiDark (BigMD) N -body sim-
ulation (Klypin et al. 2016) from the MultiDark simulation
project (Prada et al. 2012). This simulation follows the evo-
lution of 38403 particles in a box of side L = 2.5 h−1Gpc
using the GADGET-2 (Springel 2005) and Adaptive Re-
finement Tree (ART) (Kravtsov et al. 1997; Gottloeber &
Klypin 2008) codes, with cosmological parameters ΩM =
0.307, ΩB = 0.048, ΩΛ = 0.693, ns = 0.95, σ8 = 0.825 and
h = 69.3. Initial conditions for the simulation were set using
the Zeldovich approximation at starting redshift zi = 100.
We used simulation data from three different redshift
snapshots, z = 0.1, z = 0.32 and z = 0.52. These snapshots
were chosen to be as close as possible to the median redshifts
of the galaxy populations we wish to model, as described be-
low. On each snapshot, we used catalogues of haloes found
using the Bound Density Maximum algorithm (Klypin &
Holtzman 1997; Riebe et al. 2013). To measure densities,
we used the underlying DM density field determined from
the full resolution simulation output on a 23503 grid using
a cloud-in-cell interpolation at each of these three redshifts.
This density field was then smoothed using a Gaussian ker-
nel of width equal to one grid cell.
The gravitational potential Φ is related to the DM den-
sity field δ(r) by the Poisson equation
∇2Φ(r, z) = 3
2
H20 ΩM
a(z)
δ(r, z) . (1)
In Fourier space this can be written conveniently as
Φ(k, z) =
3
2
H20 ΩM
a(z)k2
δ(k, z) . (2)
We solved this equation numerically on the grid at each
redshift to obtain Φ.
Due to the k−2 factor in equation 2, Φ varies on much
larger scales than δ. We therefore downgraded the Φ ob-
tained to a 11753 grid (i.e., a resolution of ∼ 2 h−1Mpc)
and applied a Gaussian smoothing of one grid cell width
to ease subsequent computational requirements. This means
that we are not sensitive to peaks of Φ occurring on scales
smaller than our smoothing scale. For the void sizes we ob-
tain below, such small peaks are not observationally rele-
vant.
2.2 HOD modelling of galaxy tracers
To create mock galaxy catalogues to use as tracers of voids,
we populated simulation haloes according to the Halo Oc-
cupation Distribution (HOD) model of Zheng et al. (2007),
assigning galaxies to a DM halo according to a distribution
based on the halo mass M . Central and satellite galaxies
were treated separately. The mean occupation function of
central galaxies was parametrised as
〈Ncen(M)〉 = 1
2
[
1 + erf
(
logM − logMmin
σlogM
)]
, (3)
and the number of central galaxies in each mass bin follows a
nearest-integer distribution. The number of satellite galaxies
follows a Poisson distribution with
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Table 1. Properties of the mock HOD samples used in this work.
Sample name Redshift logMmin σlogM logM0 logM
′
1 α ρg bg
(h3Mpc−3)
Main1 0.10 12.14 0.17 11.62 13.43 1.15 3.18× 10−3 1.3
Main2 0.10 12.78 0.68 12.71 13.76 1.15 1.16× 10−3 1.4
LOWZ 0.32 13.20 0.62 13.24 14.32 0.93 2.98× 10−4 ∼ 2
CMASS 0.52 13.09 0.596 13.08 14.00 1.013 2.0× 10−4 ∼ 2
5 10 20 30 40 50 60 70 80 90 100
Rv [h
−1Mpc]
P
(R
v
)
Main1
Main2
LOWZ
CMASS
Figure 1. Normalized comoving size distributions for voids in
each of the four galaxy populations considered in this work.
Sparser and more highly biased galaxy tracers result in larger
voids.
〈Nsat(M)〉 = 〈Ncen(M)〉
(
M −M0
M ′1
)α
. (4)
Central galaxies were placed at the centre of their respective
haloes, while satellite galaxies were distributed through the
halo with radial distances from the centre drawn from a ran-
dom distribution based on a fiducial Navarro-Frenk-White
(NFW) mass profile (Navarro et al. 1996, 1997).
The five parameters Mmin, M0, M
′
1, σlogM and α of
this HOD model were chosen in order to match those de-
termined in the literature for different galaxy populations.
Two of our mock samples, labelled Main1 and Main2, were
obtained from the z = 0.1 snapshot data and were designed
to match two low-redshift volume-limited luminosity thresh-
old samples from the Sloan Digital Sky Survey (SDSS) Data
Release 7 (DR7) Main galaxy samples (Zehavi et al. 2011).
These two samples allow us to isolate the effects of mean
galaxy density and bias from the redshift evolution. We used
the z = 0.32 snapshot data to model a population matching
the properties of the SDSS Baryon Oscillation Spectroscopic
Survey (BOSS) LOWZ galaxies (Manera et al. 2015) and the
z = 0.52 data to model the BOSS CMASS galaxies (Manera
et al. 2013). The parameters used in each case, as well as
the average number density, ρg, and approximate bias, bg,
of the original galaxy samples, are summarised in Table 1.
2.3 Void finding
To identify voids in the galaxy mocks described above,
we used the ZOBOV watershed void-finding algorithm
(Neyrinck 2008). ZOBOV uses a Voronoi tessellation field es-
timator (VTFE) technique to reconstruct the tracer density
field from a discrete distribution of particles. It then iden-
tifies local minima in this field and the watershed basins
around them, which form a non-overlapping set of density
depressions or voids. In identifying these voids, the algo-
rithm makes no prior assumptions about the void shape, in-
stead respecting the true topology of underdensities in the
galaxy distribution. To a very good approximation our void-
finding algorithm is space-filling, i.e. the total volume of all
voids equals that of the simulation box. This is a common
feature of most watershed-based void finding algorithms.
After the identification of all local density minima, it
is possible to merge some neighbouring minima together to
form larger voids, and variations of this step have often been
performed in the literature. However, any such merging pro-
cedure is always based on subjective criteria (Nadathur &
Hotchkiss 2015b; Nadathur 2016). It also reduces the num-
ber of unique voids available for statistical analyses, and
obscures some useful degeneracies between void properties.
We therefore followed the procedure of Nadathur (2016) by
defining each individual density basin as a distinct void,
without any additional merging.
We used the following key observable properties of each
void, which can be determined from the galaxy distribution
alone:
(i) the location of the void centre, Xv, defined to be the
centre of the largest completely empty sphere that can be
inscribed within the void (Nadathur & Hotchkiss 2015a; Na-
dathur 2016),
(ii) the effective void size Rv = (3V/4pi)
1/3, where the to-
tal void volume V is determined from the sum of the volumes
of its constituent Voronoi cells,
(iii) the minimum galaxy density within a void, δg,min =
ρg,min/ρg − 1, where ρg,min is the minimum VTFE recon-
structed galaxy density in the void,
(iv) the average galaxy density contrast over the void,
δg ≡ 1V
∫
V
ρg(x)
ρg
d3x−1, which is in practice estimated from
the volume-weighted average density of the void Voronoi
cells, δg =
1
ρg
∑
i ρ
i
gVi∑
i Vi
− 1,
(v) and the density ratio r = ρg,ridge/ρg,min, defined as
the ratio of the lowest value of the galaxy density along the
edge of the void’s watershed basin to the minimum galaxy
density at the void centre (Neyrinck 2008).
Note that with the exception of Xv and δg,min, all other void
c© 0000 RAS, MNRAS 000, 1–14
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properties would change if merging of neighbouring voids
were allowed.
In Appendix A we examine the effect of a common al-
ternative definition of the void centre location based on the
volume-weighted barycentre of void galaxies, and show that
it is an inferior tracer of the gravitational potential. We also
briefly discuss the effects of merging neighbouring voids to-
gether using different prescriptions.
3 VOIDS AND THE GRAVITATIONAL
POTENTIAL
Differences in the bias and mean number density of tracer
galaxy populations lead to differences in the characteristics
of the voids obtained from them (Sutter et al. 2014; Na-
dathur & Hotchkiss 2015b). This is true even when the dif-
ferent galaxy types trace exactly the same underlying den-
sity field, as is the case for our Main1 and Main2 samples
at z = 0.1. In sparser galaxy samples the resolution of the
VTFE density reconstruction is reduced, so smaller voids are
either not seen at all, or subsumed within larger neighbours.
The lower resolution also inhibits the precision with which
the locations of density minima can be identified, so voids in
sparser galaxy samples are on average shallower. However,
within the population of voids from any one galaxy sample,
the principle of the watershed void-finding algorithm means
that larger voids correspond to deeper density minima (Na-
dathur & Hotchkiss 2015a,b). Figure 1 shows the resulting
size distribution for voids in each of the four galaxy samples.
3.1 Inferring Φ from void observables
Almost all of the voids we identified correspond to genuine
underdensities in the DM distribution in the simulation box
(the false positive identification rate for voids is no higher
than 3%; see Nadathur 2016). Naively, one might infer an
association between underdensities in the matter distribu-
tion and regions with Φ > 0. However, even at late times, to
a good approximation only half the volume of the Universe
corresponds to regions of Φ > 0, in contrast to the case for
the dark matter density field. Given that watershed voids
are space-filling, this naive association clearly cannot hold
for all voids.
We therefore measured the value of the gravitational
potential at the void centre, Φ0 = Φ(Xv), for each void in
the different populations. As expected, almost 50% of the
voids in the Main1 sample correspond to values of Φ0 < 0.
This fraction drops slightly with decreasing sparsity, to ∼
45% of voids in the CMASS sample.
This distinction between Φ0 > 0 and Φ0 < 0 points
to a fundamental difference in void environments. Voids in
regions of Φ < 0 are local density minima lying within large-
scale overdensities. Such voids will eventually be crushed out
of existence by the infall of matter from their surroundings,
culminating in the void-in-cloud scenario described by Sheth
& van de Weygaert (2004). On the other hand, those cor-
responding to Φ > 0 will continue to expand outwards be-
coming ever emptier. In practical terms, the measurement
of gravitational effects such as the integrated Sachs-Wolfe
(ISW) anisotropies due to voids or the redshift-space dis-
tortions (RSD) associated with their expansion require a
statistically robust distinction to be made between the two
sub-populations on the basis of their observable properties.
Figure 2 shows trends in the binned average values of
Φ0 as functions of the four void observables introduced in
Section 2.3. Similar trends are seen for each galaxy tracer
type, but voids in more highly biased tracers and in samples
at higher redshift are on average associated with larger val-
ues of Φ0. The slopes of the trend lines in each panel indicate
the discriminatory power of each observable as a proxy for
the void environment. The average galaxy density δg is the
single best predictor of the value of Φ0. Even more interest-
ingly, the point of zero-crossing is the same for voids in each
of the four mock galaxy samples, occurring at δg ' 0.1 inde-
pendent of the sparsity or galaxy bias. The value of δg thus
provides a universal indicator of the large-scale void envi-
ronment, which can be used for voids traced by all galaxy
types. This universality is closely related to the results of
Nadathur & Hotchkiss (2015b), who showed that δg is also
a universal indicator of the large-scale density compensation
around void locations.
There is also a clear trend for Φ0 to increase with void
depth (lower values of δg,min), as intuitively expected. How-
ever, the correlation is smaller than for δg, and the thresh-
old value of δg,min separating Φ0 > 0 from Φ0 < 0 depends
on the bias, sparsity and redshift of the tracer galaxy sam-
ple, limiting the usefulness of this observable. A somewhat
weaker correlation is also seen with the void size Rv, which
follows from the fact that Rv is itself strongly correlated
with δg,min (Nadathur & Hotchkiss 2015a,b).
Significantly, we found that the density ratio r shows lit-
tle correlation with Φ0. This follows the finding of Nadathur
(2016) that the density ratio also shows very little corre-
lation with the void significance. Although some previous
studies have used the density ratio to define selection crite-
ria for void populations used in ISW detection (e.g. Granett
et al. 2008; Cai et al. 2016) or void RSD effects (Mao et al.
2016), our results show that there is no theoretical justifica-
tion for such a strategy.
3.2 Scaling relations for Φ
Athough δg is the single observable best correlated with the
value of the gravitational potential at the void location, af-
ter accounting for this correlation there remains a residual
dependence of Φ0 on other void parameters δg,min and Rv.
Given that δg,min and Rv are themselves strongly correlated
with each other, it is enough to consider just one of them,
which for convenience we took to be Rv. We found that for
voids in all galaxy tracer samples, the average value of the
potential at the void centre is extremely well fitted by the
empirical formula
Φ0(δg, Rv) = −aλv + c , (5)
where a and c are positive constants determined from the
simulation and the parameter λv is defined as
λv = δg
(
Rv
h−1Mpc
)1.2
, (6)
determined from the measured values of δg and Rv. Figure 3
shows the best-fit forms of equation 5 for voids in each mock
galaxy sample, and the fitted values of a and c are sum-
marised in Appendix B. The remarkable linear scaling of Φ0
c© 0000 RAS, MNRAS 000, 1–14
Tracing Φ with cosmic voids 5
1.0 0.9 0.8 0.7 0.6 0.5 0.4
δg,min
2
1
0
1
2
3
4
Φ
0
×
10
5
Main1
Main2
LOWZ
CMASS
0.4 0.2 0.0 0.2 0.4 0.6
δ¯g
0 10 20 30 40 50 60 70 80
Rv [h
−1Mpc]
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
Density ratio, r
Figure 2. Variation of the average gravitational potential at the void centre, Φ0, with changes in: the minimum galaxy density contrast
within the void, δg,min; the average galaxy density contrast over the void volume, δg ; void size, Rv ; and void density ratio r. Data points
show the bin mean values, and bars represent the standard error in these means. The strongest correlation is with δg , with δg ' 0.1 also
representing a universal turnover point between Φ0 > 0 and Φ0 < 0 for voids in all galaxy tracers.
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Figure 3. Variation of the average gravitational potential at the
void centre, Φ0, as a function of the void parameter λv , for voids
in each of the four mock galaxy samples. A simple linear scaling
is seen, and the slope of the best-fit line is very similar in each
case, independent of tracer galaxy density, bias or redshift.
with λv is universal for all tracer galaxy densities, bias values
and redshifts. In addition, the slope of the scaling relation is
also relatively independent of the galaxy tracer properties.
For any individual void, the value of the potential gravita-
tional at the void centre is a stochastic quantity drawn from
a normal distribution with mean Φ0. The variance of this
distribution varied for the different galaxy populations, but
was not found to have any significant dependence on λv.
Numerical values are summarised in Table B1.
3.3 Voids as tracers of maxima of Φ
We next investigated the question of whether the locations
of void centres correspond to locations of local maxima of
the gravitational potential Φ. To do this we first found all
local maxima of Φ in each simulation slice, using a version
of the ZOBOV watershed algorithm modified to work with
the gridded Φ data. The location of each local maximum,
XΦ, could thus be determined to within a resolution of ∼
2h−1Mpc. Note that we recorded the position of all local
maxima of the potential, including those for which Φ(XΦ) <
0.
We then estimated the cross-correlation function (CCF)
between the discrete sets of locations {Xv} and {XΦ} as a
function of their separation r, using the Landy-Szalay esti-
mator (Landy & Szalay 1993)
ξvΦ(r) =
D1D2 −D1R−D2R+RR
RR
, (7)
where D1D2 is the (normalised) number of void centre-Φ
maximum pairs separated by r±dr/2, RR is the number of
such pairs for a random point distribution, D1R is the num-
ber of void-random pairs and so on. To estimate the error
on our measurement of ξvΦ we divided the simulation box
up into N = 64 sub-boxes and used a jack-knife procedure
to obtain the variance
σ2JK
(
ξivΦ
)
=
(N − 1)
N
×
N∑
JK−k=1
[(
ξivΦ
)JK−k
− ξivΦ
]2
, (8)
where
(
ξivΦ
)JK−k
is the measured value of the k-th jack-knife
realisation of ξvΦ in the i-th spatial bin, and
ξivΦ =
1
N
N∑
JK−k=1
(
ξivΦ
)JK−k
(9)
is the mean over the jackknife samples.
The resulting estimates of the void-Φ CCF are shown
in Figure 4. For voids in each galaxy sample ξvΦ is seen to
peak at small separations r, showing that voids are indeed
typically located near local maxima of Φ. The identification
is not perfect, and so the CCF remains positive out larger
separations ofO(10) h−1Mpc before turning over to ξvΦ < 0.
Based on the results in the previous section, Figure 4
also shows the result of the CCF measurement after split-
c© 0000 RAS, MNRAS 000, 1–14
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Figure 4. The cross-correlation between positions of void centres and positions of maxima of the gravitational potential Φ as a function
of distance, for voids in each mock galaxy sample. Shaded regions show the 68% C.L. regions determined from jack-knife errors. In each
panel, the solid (black) line shows ξvΦ(r) for all voids: this increases at small values of separation r, indicating that void locations do
on average trace maxima of Φ. Vertical dashed lines indicate the mean void size in each sample. The other lines in each panel show the
same measurement for subsets of voids separated on the basis of the quantity λv as indicated. The correlation increases markedly as the
value of λv decreases (becomes more negative).
ting the void samples into bins based on the values of λv. In
each case, a steady trend is seen towards increasing ξvΦ with
decreasing λv, i.e. that voids with smaller (more negative)
values of λv are much more strongly correlated the posi-
tions of maxima of the gravitational potential. Voids with
larger (positive) values of λv show little or no evidence for
ξvΦ(r) > 0 at small r, indicating that they are not associ-
ated with maxima of Φ, and in fact show an anti-correlation
at intermediate separation scales. This is particularly true
for the λv > 10 bin, which contains approximately 30% of
all identified voids in each sample. This trend with λv is
primarily driven by a similar trend with δg — the lower the
average galaxy density within the void, the higher the like-
lihood that it is associated with a peak in the gravitational
potential.
3.4 Φ(r) profiles about void locations
An ability to predict the expected gravitational potential
around void locations would be an important tool for cos-
mological applications. To do this, we stacked the voids in
our mock galaxy samples in bins of λv, and measured the
average potential profile Φ(r) in concentric spherical shells
about the void centres Xv in each bin. The results are shown
in Figure 5.
In each bin with λv < 0, we found that the profiles
were extremely well described by the two-parameter fitting
function
Φ(r, λv) =
Φ0v(λv)
1 + (r/r0v(λv))
2 . (10)
The best-fit forms of this function are shown alongside the
data in Figure 5. The fitted parameters Φ0v and r0v are
themselves linear functions of λv. Details of the fits are pro-
vided in Appendix B.
For stacks with λv > 0, a slightly different 3-parameter
functional form,
Φ(r, λv) = Φ0v(λv)
1− r/r1(λv)
1 + (r/r0v(λv))
2 , (11)
was found to provide an adequate fit to the data, as also
shown in Figure 5. Note that for these voids, Φ(r) < 0 for
almost the entire range of scales, with the possible exception
of the void centre.
An important feature apparent from Figure 5 is that
the potential fluctuations associated with voids extend over
scales of 200-300 h−1Mpc, much larger than the physi-
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Figure 5. Average gravitational potential profiles Φ(r) about the locations of void centres in each of the mock galaxy samples, for void
stacks with different values of λv . Error bars show the 1σ errors in the mean. The dashed lines are fits to the data from equations 10
and 11, for voids with λv < 0 and λv > 0 respectively. Voids with λv > 30 have been omitted for clarity.
cal sizes of the voids determined by the void-finding al-
gorithm and shown in Figure 1. The reason for this can
be understood from the form of equation 2, which gives
Φ(k) ∝ k−2δ(k), enhancing the effect of long-wavelength
modes. These long-wavelength modes are crucial to the un-
derstanding of the gravitational potential around voids. A
practical consequence is that studies of voids from N -body
simulations with too small a box length L, or from simu-
lations in which long-wavelength modes are set to zero by
hand (e.g., Cai et al. 2014, 2016), fail to capture the full
effect of these objects.
3.5 Density profiles around void locations
The gravitational potential at void locations depends on the
large-scale density environment around the voids. It should
therefore be closely connected with the void density pro-
files. Since Φ0 scales linearly with λv in equation 5, this
suggests that the void variable λv should also be a useful
proxy for separating out voids with under -compensated cen-
tral mass deficits from those over -compensated voids with
high-density surrounding walls.
Figure 6 shows the average profiles of the DM density
δ(r) measured in spherical shells about the void centres, for
stacks of voids selected according to measured values of λv.
Note that this is determined from the full resolution simu-
lation output and therefore is not the tracer number den-
sity profile that has been considered in some previous works
(Hamaus et al. 2014; Nadathur et al. 2015). Tracer number
density profiles within voids are harder to measure (see Na-
dathur et al. 2015 for a discussion of some systematic effects)
and are not simply related to the true DM density.
As expected, Figure 6 shows that in all galaxy samples
voids with large positive λv show overdense walls surround-
ing the central underdensity, whereas those with large neg-
ative λv do not. There is a steady trend towards increasing
compensation with increasing λv, which is naturally related
to the universal relationship for void compensation as a func-
tion of δg found by Nadathur & Hotchkiss (2015b).
As the Main1 and Main2 mock samples are both drawn
from the same simulation snapshot, the voids in these two
populations trace the same DM density distribution. There-
fore a comparison of the top two panels in Figure 6 isolates
the resolution effects of the higher-density tracer sample on
the void identification: this results in slightly lower densi-
ties at void centres and better resolution of the high-density
walls surrounding high-λv voids.
On the other hand, comparison of these profiles with
those obtained from the LOWZ and CMASS void popula-
tions compare different redshift slices and thus show the ef-
fect of time evolution within the simulation. Importantly,
since the velocity field v ∝ −∇Φ = 0 at the locations
of maxima of the potential, these locations are station-
ary points which do not shift within the simulation box as
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Figure 6. Average density profiles δ(r) about the locations of void centres in each of the mock galaxy samples. Void stacks were created
based on the λv values as shown and match the corresponding stacks in Figure 5. The density was measured in concentric shells of
width 6 h−1Mpc about the centre using the full simulation output on each redshift slice as described in the text. Error bars have been
multiplied by a factor of 5 for visualisation purposes. Dotted lines are linear interpolations between the data points.
the time evolution progresses. Therefore, to the extent that
voids with large negative values of λv are effective tracers of
these maxima of Φ as shown in Section 3.3, the profiles for
such voids in the different panels of Figure 6 show the time
evolution of the density perturbation at the same locations,
from the z = 0.52 snapshot (CMASS) to z = 0.1 (Main1
and Main2).
Another interesting observation is that despite the large
differences in void size Rv determined from the tracer
galaxy distribution in the four mock galaxy samples ap-
parent in Figure 1, the underlying DM density fluctuations
that the voids correspond to extend over very similar scales,
∼ 60 h−1Mpc and typically larger than Rv. This is espe-
cially true for voids with large negative values of λv. This
is because ZOBOV reports the void size based purely on
the separation of regions based on the watershed transform,
without reference to the absolute value of the density field.
Thus a faint intervening density ridge within a large un-
derdense void – which is more likely to be resolved in high
tracer density samples – can lead to premature truncation
of the watershed algorithm. This reduces the value of δg
(moving it towards larger negative values) and also biases
Rv low. Inferring the large-scale density environment from
either of these observables individually is therefore compli-
cated. Nevertheless, the particular combination of Rv and
δg encoded with λv is insensitive to this and thus provides
a better universal indicator.
3.6 Extension to overdensities
The ZOBOV algorithm we have used to identify voids can
equally be inverted to instead find large overdense regions
or ‘superclusters’. To do this we applied the same water-
shed algorithm to the inverse of galaxy density field recon-
structed by the tessellation procedure, thus finding the loca-
tions of density maxima. As with voids, individual density
maxima separated by watershed ridges were not merged to
form larger structures. We defined the centre of each su-
percluster to be the position of the member galaxy with the
smallest Voronoi cell (highest VTFE-reconstructed density).
The superclusters thus obtained, analogously to the voids,
do not necessarily correspond to collapsed or gravitationally
bound individual structures, rather to DM density fluctua-
tions extending over large scales. Such supercluster regions
have been used in ISW measurements (Granett et al. 2008;
c© 0000 RAS, MNRAS 000, 1–14
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Figure 7. Average gravitational potential profiles Φ(r) about the
locations of superclusters in the mock CMASS galaxy sample.
Superclusters are binned according to the value of λc (see text).
Dashed lines are fits to the data from equation 13. Similar trends
were found for Φ(r) profiles for superclusters in the other mock
catalogues.
Hotchkiss et al. 2015; Nadathur & Crittenden 2016; Kova´cs
et al. 2017).
Superclusters in the simulated galaxy populations are
much more numerous and also typically smaller than the
corresponding set of voids. However, they trace the locations
of minima of the gravitational potential in a similar way to
voids tracing maxima. Analogously to equations 5 and 6, we
found that the gravitational potential at the supercluster
centres was well predicted by the quantity
λc ≡ δg
(
Rc
h−1Mpc
)1.6
, (12)
where Rc is the effective spherical radius of the supercluster
and δg is defined as for voids. (Note the difference in the ex-
ponents in equations 12 and 6.) A linear scaling relationship
between Φ0 and λc was found to hold for superclusters as
well. The stacked potential profile around supercluster lo-
cations was found to be well described by a fitting formula
similar to equation 10,
Φ(r, λc) =
Φ0c
1 + (r/r0c)
α , (13)
with Φ0c(λc), r0c(λc) and α(λc) all fit to the data from simu-
lation. An example of the measured Φ(r, λc) profiles and the
fits are shown in Figure 7 for superclusters in the CMASS
sample.
4 APPLICATIONS
In the following we discuss some applications of the em-
pirical results obtained above for the understanding of the
nature of cosmic voids and their use in precise cosmological
tests.
4.1 ISW effect of superstructures
One example of the use of these results is in attempts to
measure the secondary anisotropies in the CMB introduced
by the ISW effect of cosmic structures. In the linear approxi-
mation which is valid on the scales of interest (e.g., Cai et al.
2010; Nadathur et al. 2014), the ISW temperature shift in
the CMB temperature induced along a direction nˆ can be
expressed in terms of fluctuations in the gravitational po-
tential:
∆TISW
T
(nˆ) = −2
∫
a(z) (1− f(z)) Φ (nˆ, z) dz , (14)
where f = d lnD
d ln a
is the growth rate of structure and the
integral is over redshift z.
The results of this paper allow the development of a
strategy to detect the ISW contributions from individual
voids and superclusters using a stacking analysis. This strat-
egy has the following elements:
(i) The locations of (subsets of) voids and superclusters
found in galaxy survey data allow identification of the loca-
tions of maxima and minima of Φ, respectively, which cause
negative and positive ISW temperature shifts.
(ii) The observable quantities λv and λc can be used to
characterise these potential fluctuations, and thus to order
structures by the magnitude of the temperature effects they
produce: the linear scaling found in Sections 3.2 and 3.6
means that the expected temperature ∆Tv,c also scales lin-
early with the variables λv,c for both voids and superclus-
ters.
(iii) The fitting formulae 10, 11 and 13 allow precise pre-
dictions for the sky profile ∆T (θ) around these points of ex-
trema, and thus can be used to construct optimal matched
filters with which to separate the small late-time ISW con-
tribution from the background of primordial CMB fluctua-
tions.
A detailed discussion of this method has recently been pro-
vided by Nadathur & Crittenden (2016), who showed that
it has a sensitivity comparable to the traditional cross-
correlation approach. Using data from Planck (Planck Col-
laboration et al. 2016) and a catalogue of voids and su-
perclusters drawn from the SDSS Data Release 12 CMASS
galaxy sample (Nadathur 2016), they were able to obtain
a high-significance detection of the ISW effect in excellent
agreement with predictions derived from the simulations
considered in this work.
4.2 Void lensing
Measuring the gravitational lensing effects of voids on back-
ground source galaxies has been the subject of several recent
studies (Krause et al. 2013; Melchior et al. 2014; Clampitt &
Jain 2015; Sa´nchez et al. 2016). Recently, Cai et al. (2016)
have also made the first measurement of the effects of voids
on the CMB lensing convergence κ. Precise measurements
of the lensing signal of voids may allow a detailed map-
ping of the dark matter distribution within them, which it
is hoped may be useful as a test of modified gravity models
(e.g. Clampitt et al. 2013; Cai et al. 2015; Barreira et al.
2015).
Void lensing studies to date have characterised the ex-
pected lensing effect of voids purely on the basis of the void
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Figure 8. The yellow (solid) line shows the average CMB lensing
convergence profile κ(θ) for all voids with 40 h−1Mpc < Rv <
60 h−1Mpc in the CMASS mock catalogue. Angular units are
scaled in terms of the average angular size of these voids, assuming
they are centred at redshift z = 0.52. The blue (dashed) and
red (dot-dashed) lines show κ(θ) for two subsets of this sample,
with λv < −20 and λv > 20 respectively but with the same
average void size. For typical numbers of voids in survey data,
statistical uncertainties in these predictions will be much smaller
than observational errors, so are omitted here.
size Rv. However, as the lensing potential is sourced by the
gravitational potential Φ, and the void parameter λv is a
useful proxy for Φ, it follows that λv should also provide a
useful discriminant between populations of voids that have
the same size Rv yet produce very different lensing effects.
To illustrate this, we used the stacked average DM density
profile δ(r) for voids, determined as in Section 3.5, to calcu-
late the CMB lensing convergence signal,
κ(θ) =
3ΩmH
2
0
2c2
∫
χ (χs − χ)
χs
δ(θ, χ)
a
dχ, (15)
where χ is the comoving radial coordinate and χs is the
comoving distance to the last scattering surface. Figure 8
shows the resultant average κ(θ) signal for all voids in the
CMASS mock void catalogue in the size range 40 h−1Mpc <
Rv < 60 h
−1Mpc as the yellow solid line. Also shown are
the κ(θ) profiles for two additional subsets of voids, which
both satisfy exactly the same size cuts, but have λv < −20
(blue dashed) and λv > 20 (red dot-dashed) respectively.
It is clear that voids of very similar size Rv but differ-
ent mean galaxy density δg and thus λv can produce very
different lensing convergence signals. Equally, as the appar-
ent size Rv is only loosely related to the true extent of the
void DM underdensity (Section 3.5), voids with very differ-
ent Rv could contribute similar convergence profiles κ(θ). In
addition, Figure 8 shows that averaging together the contri-
butions from voids with different values of λv will in general
produce an average convergence that is closer to zero and
thus potentially harder to measure. This suggests that the
sensitivity of detection of void lensing effects could be signifi-
cantly improved by consideration of sub-populations defined
by the variable λv.
Although we have only discussed the convergence κ in
the example above, the same argument can equally be ap-
plied to the contribution of voids to the lensing shear γ. We
leave further exploration of these effects and applications to
data to future work.
4.3 Voids in redshift space
Voids in galaxy surveys are observed in redshift space. Under
the assumption of an isotropic Universe the stacked galaxy
distribution around void centres should average to spherical
symmetry in real space, but will in general appear distorted
due to the Alcock-Paczynski (AP) effect (Alcock & Paczyn-
ski 1979). This has been proposed as a potentially power-
ful test of cosmology (Lavaux & Wandelt 2012), which has
recently been applied to galaxy survey data (Sutter et al.
2012a; Sutter et al. 2014; Mao et al. 2016; Hamaus et al.
2016).
The use of voids for the AP test is complicated by
redshift-space distortions due to peculiar velocities. Naively,
one would expect velocity outflows around voids, leading to
a stretching of their shapes along the line of sight when seen
in redshift space. However, several authors (Lavaux & Wan-
delt 2012; Sutter et al. 2014; Mao et al. 2016) have found
the opposite: seen in redshift space, voids identified using
watershed void-finders such as ZOBOV instead appear to be
squashed along the line of sight. This phenomenon has been
noted both in simulations and for voids in real galaxy data.
Mao et al. (2016) describe it as a failure of linear theory and
show that it degrades the sensitivity of the AP test. How-
ever, Cai et al. (2016) argue that a squashing effect can be
consistent with linear theory.
Our results provide another perspective: voids reside
in a variety of different large-scale environments, so not all
voids are associated with velocity outflows. As noted in Sec-
tion 3.1, a significant fraction of voids that are identified by
the watershed algorithm correspond to local density min-
ima within regions that are overcompensated on large scales
and thus form potential wells rather than maxima. In linear
theory, such regions will not correspond to velocity outflows
(at least on scales of observational interest). Another way
to illustrate the same problem is to note that a dynamical
method of classification of the cosmic web based on eigen-
values of the tidal tensor Tαβ = ∂α∂βΦ (Hahn et al. 2007)
shows that only a small fraction of the volume of the Uni-
verse should lie in regions that are simultaneously expand-
ing along all three directions, whereas watershed void-finders
such as ZOBOV are by nature space-filling. Only a fraction
of ZOBOV voids can correspond to local maxima of Φ and
thus to truly expanding regions.
In addition, on the basis of our results we can make
a few qualitative predictions. Firstly, the minority of voids
with large negative values of λv should correspond to strong
velocity outflows. Secondly, the magnitude of the velocity
outflow and thus the details of the induced redshift-space
distortion should vary with the values of λv, as should the
length scale over which the effect is observable. Thirdly, as
discussed in Appendix A, the void centre Xv used in this
work traces maxima of Φ better than the void barycentre
Xb used in many previous analyses, and therefore a shift
from use of Xb to Xv in void catalogues will enhance the
velocity outflow seen. Detailed exploration of these topics
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and application to voids observed in real galaxy data is left
to future work.
4.4 Constructing a void number function
One goal of void studies is to obtain a prediction for the void
number function, analogous to the halo mass function. Fol-
lowing Sheth & van de Weygaert (2004), theoretical models
for the void number function based on the excursion set for-
malism attempt to predict the abundance of voids as a func-
tion of their effective size, Rv, alone. However, the Sheth &
van de Weygaert (2004) model fails by orders of magnitude
to predict the void size distribution observed in simulation
or in galaxy data. Various modifications of the model can be
tuned to match the large-Rv cutoff, but still fail to describe
the full observed distribution, and also fail to match other
predictions for void properties (for a fuller discussion, see
Nadathur & Hotchkiss 2015a).
An important reason for this discrepancy is the diffi-
culty in modelling the action of watershed void-finding al-
gorithms on the late-time, non-linear density field, especially
as it is traced by the discrete distribution of biased galax-
ies. The model makes strong assumptions about spherical
evolution of voids until the point of shell-crossing in order
to obtain a threshold value in the linearised density field,
δv = −2.71, which is used to define voids and to set the ex-
cursion set barrier; these assumptions are however not sat-
isfied by watershed voids. The dependence of apparent void
size on the tracer galaxy properties discussed in Section 3.5
adds a further layer of complexity.
Our results suggest a new approach to the problem. In-
stead of modelling the non-linear dark matter density field,
an alternative starting point would be to predict the num-
ber density of peaks in the smoothed gravitational potential
field. This is mathematically a far simpler task (Bardeen
et al. 1986), as the Φ field remains in the linear regime and
very close to Gaussian even at late times. Predictions for
peaks of Φ could then be related to the mean void values of
λv according to the empirical fits provided in this work.
Such an approach would involve a fundamental shift in
the concept of the void number function: according to this
view, it would describe the abundance of voids according to
the combination of their size and average density, λv, rather
than as a function of size alone. A fuller exploration of this
approach is left to future work.
5 DISCUSSION
Distinguishing the physical environment around voids is of
key importance both to developing them as probes of funda-
mental physics, as well as to understanding their formation
and evolution. Our aim in this paper has been to examine
how cosmic voids, which are in practice identified as local
minima of the galaxy density field, relate to the gravitational
potential Φ. This is a direct continuation of the results of
Nadathur & Hotchkiss (2015a) and Nadathur & Hotchkiss
(2015b), where we examined the relationship between galaxy
voids and the underlying matter density field δ.
The results we have presented allow us to answer the
questions posed in Section 1 as follows. A significant fraction
of galaxy voids – in some cases, even a majority – do not
lie in expanding regions and do not correspond to Φ > 0.
This can be easily understood, as voids simply correspond
to local minima of the density field but Φ depends on the
large-scale distribution of mass around such minima.
Nevertheless, a substantial subset of all voids does trace
the positions of maxima of Φ. Such voids can be identified
on the basis of the void parameter λv, which combines in-
formation on the average underdensity of the void δg and its
apparent spatial extent Rv, and can be easily measured in
practice. The value of λv is a good predictor of the value of
Φ at the void location, with a very simple universal linear
scaling between the two quantities for voids traced by any
galaxy type and at any redshift. In fact, the spherically av-
eraged profiles Φ(r) about void locations are also very well
determined by the value of λv.
All of our results have been purely empirically obtained
from simulations. Developing a theoretical model of such
voids from first principles requires a proper modelling of the
action of the ZOBOV watershed algorithm on reconstructed
density fields, a task that appears too complex for an ana-
lytic solution. In this situation, our empirical findings, and
particularly the linear scaling between λv and Φ, might pro-
vide a better starting point for such a project.
At a more immediate pragmatic level, the results of this
paper have important consequences for the use of voids in
cosmological tests, particularly for measurement of the ISW
and lensing signals of voids, and for the estimation of veloc-
ity flows around void locations. Indeed the practical applica-
tion to ISW measurements has already been demonstrated
in Nadathur & Crittenden (2016), where we used the fits
to Φ(r) obtained here to devise to new sensitive matched-
filtering technique to extract the tiny ISW signal of voids
and superclusters from primordial CMB noise. We antici-
pate that our results will be similarly useful in other areas.
It is however worth noting that the empirical fits ob-
tained here cannot be assumed to apply with the same pre-
cision for voids defined according to alternative void-finding
algorithms, or for other treatments of void merging (see Ap-
pendix A). The use of photometric redshift data, such as
from the Dark Energy Survey (DES)1, the Large Synaptic
Survey Telescope (LSST)2 or from Euclid3, will also affect
the efficiency of detection of voids and superclusters, as well
as potentially biasing the reconstruction of their sizes and
densities, due to the smearing effect of large photometric
redshift uncertainties. These effects mean that the results
obtained here might require adjustment for use with pho-
tometric data. We leave a detailed study of these effects to
future work.
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APPENDIX A: EFFECT OF VOID CENTRE
DEFINITION AND VOID MERGING
The location of the ‘centre’ of an irregular-shape void is am-
biguous. We have so far defined the void centre location to
be the location Xv corresponding to the minimum of the
galaxy density field. An alternative centre position may be
defined as the weighted centroid of the positions of galax-
ies within the void. This is often referred to as the void
‘barycentre’, Xb, and has been commonly used in a number
of void studies.
In order to compare the relative merits of the two centre
definitions Xv and Xb as tracers of the gravitational poten-
tial, we recomputed the cross-correlation function ξvΦ as in
Section 3.3 for the barycentre definition. A comparison of
the results obtained for the two definitions is shown in Fig-
ure A1. It is clear that in all cases the void minimum density
centre Xv is significantly better correlated with maxima of
Φ and thus provides a better tracer of the gravitational po-
tential. This is consistent with earlier results (Nadathur &
Hotchkiss 2015a,b) showing that Xv is also a significantly
c© 0000 RAS, MNRAS 000, 1–14
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Figure A1. Effect of void centre definition on the correlation between voids and maxima of the gravitational potential. The yellow solid
line shows the cross-correlation ξvΦ(r) between void locations Xv and maxima of Φ for all voids as in Figure 4. The green dashed line
shows the cross-correlation for the same voids, but when the void location is defined by the weighted average of the position of galaxies
within the void, Xb, instead. Shaded bands indicate the 1σ confidence regions estimated from jack-knife errors in both cases. The centre
locations Xv used in this work provide a much better tracer of maxima of Φ for voids in all mock samples.
better tracer of the true minimum of the dark matter density
field traced by galaxy voids.
As discussed in Section 2.3, we do not merge neighbour-
ing voids together to form larger voids. Such merging of voids
has commonly been used in other studies in the literature,
but the choice of criteria to govern when merging occurs
is necessarily always subjective (see Nadathur & Hotchkiss
2015b), and different authors have used widely differing pre-
scriptions. It is not possible to test all such choices, nor do
we attempt a comprehensive comparison. Instead we tested
a few representative examples of choices for void merging,
as described by Nadathur & Hotchkiss (2015a). In all cases,
the cross-correlation between void centres and maxima of
Φ, ξvΦ, was reduced relative to the values obtained with-
out merging. The decrease in the correlation was found to
be smaller when the criteria for merging were tightened, re-
sulting in fewer merged voids. We conclude that the merg-
ing of neighbouring voids degrades their use as tracers of
the gravitational potential. Combined with the reduction in
statistical power and the disadvantages of merging already
noted by Nadathur & Hotchkiss (2015b), this leads us to
recommend that void merging not be used in void studies.
Irrespective of the choice of the merging criteria inves-
tigated, the correlation ξvΦ with peaks of the gravitational
potential was significantly higher for void minimum density
centres Xv than barycentres Xb, as in the case shown in
Figure A1.
APPENDIX B: NUMERICAL FITS TO DATA
Table B1 shows the numerical fits to equation 5 for the grav-
itational potential at the void centre, Φ0(λv) for voids in all
four mock galaxy samples. A simple linear scaling provides
an excellent fit for Φ0 in all cases. Voids with all values of
λv were included in obtaining the fits.
Also included in Table B1 are the mean standard de-
viations σΦ0 for the distributions of values of Φ0 for indi-
vidual voids. This quantity does not show any significant
dependence on λv. The values of σΦ0 indicate a large void-
to-void scatter. Therefore precise predictions for Φ0 can only
be made for the average over several void locations and not
for individual voids.
The slopes a in Table B1 are somewhat smaller for the
two low-bias Main galaxy mocks than for the highly biased
LOWZ and CMASS mocks. This difference was much re-
duced when only voids with λv < 0 were included in the fit,
indicating that it arises due to the greater number of over-
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Table B1. Numerical fits for Φ0(λv) and the mean standard
deviation of the distribution of residuals
Sample Φ0 = −aλv + c σΦ0
—————–
a× 105 c× 105 ×105
Main1 0.083± 0.001 0.316± 0.007 3.20
Main2 0.082± 0.001 0.443± 0.009 3.14
LOWZ 0.090± 0.001 0.731± 0.016 3.30
CMASS 0.091± 0.001 0.853± 0.019 3.42
Table B2. Fitted values of Φ0v and r0v for voids with λv < 0
Sample Φ0v = −aλv + c r0v = −mλv + b
—————– —————–
a× 105 c× 105 m b
Main1 0.095± 0.001 0.22± 0.01 1.35± 0.04 37.7± 0.8
Main2 0.095± 0.001 0.31± 0.01 1.65± 0.05 33.0± 1.0
LOWZ 0.106± 0.002 0.53± 0.03 1.94± 0.07 33.1± 1.3
CMASS 0.103± 0.002 0.70± 0.03 1.29± 0.08 46.8± 1.6
compensated voids in high-density environments that are
resolved in the Main galaxy samples.
In addition, Table B2 shows details of the fits to the
stacked profiles Φ(r) about void centres. For simplicity, we
report profile fits only for Φ0v(λv) and r0v(λv) in equation
10, applicable to voids with λv < 0, since such voids are an-
ticipated to be more useful in detection of cosmological sig-
nals such as the ISW effect (Nadathur & Crittenden 2016).
Both these variables are also approximately linear functions
of λv.
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